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272 J. M. DE VILLIERS

A rigorous justification is given of work done by Eagles (1969), in which he applied the
method of matched asymptotic expansions to the Orr—Sommerfeld equation to obtain
Jformal uniform asymptotic approximations to a certain pair of solutions. (Somewhat
more polished formal expansions of the same general kind were subsequently obtained
by Reid (1972).) First, a study is made of the asymptotic properties of solutions of a
certain differential equation which admits the Orr—Sommerfeld equation as a special
case. Previous work on this differential equation by Lin & Rabenstein (1960, 1969)
is extended to develop a theory suited to our main purpose: to prove the validity of
Eagles’s approximations. It is then shown how this theory can be used to prove the
existence of actual solutions of the Orr-Sommerfeld equation approximated by these
formal expansions. In addition, it is verified that these solutions have the properties
assumed by Eagles (1969).

1. INTRODUGTION

In this paper we consider the Orr-Sommerfeld equation

4 2 2

%ﬁ_zkz%ﬁmw—ikk{(w(y) —0) (%—k@) —w'(y) qs} —0 (L.1)
in a complex neighbourhood of [0, 1], and study the asymptotic forms of solutions for large £R.
Here @(y) eif=—e¥is the stream function of a small disturbance with a real non-negative wave
number £, w(y) is the basic velocity profile, and R is the Reynolds number.

Eagles (1969) applied the widely used method of ‘ matched asymptotic expansions’ (Fraenkel
1969) to construct, in a systematic manner, formal uniform asymptotic approximations to a
certain pair of solutions of (1.1), which he called @; and @,, and which he assumed to have
certain properties. The principal aim of the present paper is to prove the validity of Eagles’s
formal approximations. To achieve this, we use the asymptotic solutions of Lin & Rabenstein
(1960, 1969), the construction of which is rigorous but uses more elaborate and specialized
methods, and a more complicated comparison equation, than Eagles needed to construct his
formal approximations.

First, in §2 below, we show how the theory of Lin & Rabenstein can be used to obtain four
linearly independent asymptotic solutions of a certain differential equation which is less general
than that studied by Lin & Rabenstein (1960, 1969), but admits equation (1.1) as a special case.
We have the following specific reasons for giving (in §§2(a), (b)) a detailed account of those
elements of the theory of Lin & Rabenstein (1960) which are relevant in our case.

(a) To save the reader need for repeated reference to Lin & Rabenstein (1960).

(b) In contrast to Lin & Rabenstein (1960), we use only even powers of A= (= const. x (kR)~%
in the Orr—Sommerfeld case) in the transformations (2.5) and (2.15). The resulting theory,
although not as general as that of Lin & Rabenstein (1960), is simpler, and suffices for our final
(Orr-Sommerfeld) application.

(¢) The extended use of vector notation adopted here, the correction of a substantial number
of minor errors in Lin & Rabenstein’s (1960) paper, and the sharper statement of certain results,
perhaps clarifies the theory.

(d) Our final application requires not merely the final form of the Lin—Rabenstein solutions,
but certain steps in the derivation of those solutions.

The results of §2 enable us to develop a theory which eventually leads (in §6) to our main
result: that there doindeed exist solutions @; and @5 of (1.1) with the propertiesassumed by Eagles,
and which are approximated by his formal expansions.
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ASYMPTOTIC SOLUTIONS 273

It seems likely that the solutions in §§4 and 5 would also be of use in any attempt to justify
rigorously the approximations of Reid (1972), but this task would also require a substantial
amount of further work (cf. § 6 and appendix B).

2. IMPLICATIONS OF THE THEORY OF LIN & RABENSTEIN

(a) Preliminaries and an outline of § 2
We consider the equation

‘D 2P .

PP = E‘qu- /\2{}’(3, 2 %*R(* ) @} —0 in D, (2.1)
and study its asymptotic solutions for large |A|. Here D, is a bounded domain in the complex
plane C containing a complex neighbourhood of the origin, and the coefficients P(s,A) and
R(s, A) are holomorphic functions of s in D,, and holomorphic functions of A outside a sufficiently

large disk (about the origin). Furthermore,

P(s,A) ~ ni_'éo A=%D, (s), R(s,A) ~ ,,%0 AR, (s) for |A] > oo,
with B(0) =0, Py(0) =1,
and P(s) # 0, f :P}f(s') d’ 20 for seD\{0}

The assumption that Fy(s) has a simple zero at the origin makes the point s = 0 a so-called turning
point (of the first order) of #@ = 0. The significance of the turning point is that the reduced equation

Py(s) d2®[ds2+ Ry(s) D = 0,
which is obtained by formally letting A - 0 in #® = 0, has a regular singular point at s = 0
(except in the special case Ry(0) = 0).
Definitions. (a) Given a bounded domain 2 in C, we denote by 5 (22) the class of all scalar-,
vector- and matrix-valued functions which are holomorphic in Q.

(b) We shall say that a scalar-, vector- or matrix-valued function f belongs to the class A if

and only if ©
F@A) ~ SAf) for |2 o,
n=0

or belongs to the class 4(2m) if and only if

FaX) = 32 (2),

where each f,, € #(D,), and D, is the image of D, under the mapping (2.2a) below.
Now introduce

s %
z(s) = {-gfoPé’(s') ds'} , (2.2a)
¥ (2) = (dz/ds)t @(s). (2.2b)

It is clear that the transformation (2.24) maps the turning point s = 0 on to z = 0, and maps D,
on to a bounded domain D, (say) in the z-plane. Furthermore, (2.24, b) transforms £® = 0 to

My = YT+ 23{p(2, )Y +9(2) P +1(2) Y =0 in Dy, (2.34)

21-2
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274 J. M. DE VILLIERS
where we now write (.) for (d/dz) (.), and where p, ¢, r € A, with

po(2) = 2z, ¢o(0) =0, 75(0) = Ry(0). (2.30)

Henceforth we adopt the vector notation
v

’

v
A"
A—2"

VY =

for column vectors. In vector form, the equation .#y = 0 becomes

y' =My,
0 1 0 0
0 0 A2 0
where M = 0 0 N nE (2.4)
—r —q =A% 0
In §2(b), we introduce the scalar
b =A(z,A).y = A2) Y+ B(z, ) ¥+ C(2) A=2Y" + D(2) A-%)", (2.5)

and show that we can choose the row vector A(z,A) = (4, B, C, D) € A(2) in such a way that the
equation £y = 0 transforms to the adjoint normal formt

N*P = PV A zd" +a* @’ + f*P}—a.(z,A). ¢ =0 in D, (2.6)

where a, and S are certain constants, and where the vector @y (2, A) = (ay, by, ¢4, dy) € A.

Remarks. (a) The basic reason for transforming 4y = 0 to A *¢ = 0 by means of (2.5), is
that this leads us to a study of the equation .4y = 0 below, and approximate solutions X,
of this equation can be constructed from the known asymptotic solutions (Rabenstein 1958) of the
basic reference equation 2u = 0 given by (2.12) below.

() Itmightseem more natural to adopt a transformation ¢ = A. ¢, but the form (2.5) adop-
ted here has certain advantages. In the case ¢ = A. ¢, for example, the analogue of (2.184, b)
below would contain the vector A and the matrix N*, both of which still has to be determined at
that stage. The transformation ¢ = A. y, however, immediately leads to the relations (2.184, 5)
which contain A and the known matrix M. The vector A is then first subjected to the conditions
(2.20) and (2.23), and only then it becomes necessary to introduce .4 *¢ = 0 in order to specify A
further.

Note that the equation A *¢ = 0 can equivalently be written in the vector form

¢ = N*¢,
0 1 0 0
0 0 A2 0 (2.7)
% _
where N#* = 0 0 0 L

—fut+A %y, —dye+A2, —A2z+ A%, A2,

t Although the normal form of an nth order equation usually refers to the situation where the (n— 1)st derivative
is absent, or has been eliminated by a preliminary transformation, we shall follow Lin & Rabenstein (1960) in
calling equation (2.6) a normal form (in spite of it containing the term —d,A~2¢").
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ASYMPTOTIC SOLUTIONS 275

However, in order to make the theory of Lin & Rabenstein (1969) applicable, it is necessary
to consider the equation

Nx = XA zy" +ao X +foxt—a(z,A).x =0 in D,

or equivalently, in vector form, x' = Ny,
0 1 0 0
N N 0 0 a2 0 (2.8)
where = 0 0 0 1|

—fot A"t —ag+ AT —Az+ A% A

We shall call #y = 0 the normal form. Here 4" and A" * are (real-type) adjointst of each other,

so that
oy = 2—0y, fy= P

a(2,A) = ay —by + A2 (ch —dy), b(2,A) = — by + A73(2¢, — 3dy), (2.9)
¢(2,A) = ¢y —8dy, d(z,A) = —dy.

Hence a(z, A) = (a,b,¢,d) € A. Note that the normal form A"y = 0 can also be written in the form
Lyx—a(z,)).y =0 in D, (2.10)
where the dominant differential operator L, is defined by
Lou = u + A%zu" + oy’ + Byu}, (2.11)

and will be prominent in the differential equations below.
In §2(c) we define the basic reference equation

Qu=u+ 2z +a(A)u' +B(A)u} =0 in Dy, (2.12)
where « and £ are in 4 (2m) for some non-negative integer m, and are independent of z. In vector
form, 2u = 0 becomes w = Qu,

0 1 0 0
. 0 0 a2 o0 (2.13)
where =1, o 1l
-p —a =A%z 0
Note that 2u = 0 can be written in the form
Lou+y(A).u=0 in D,,
Ao —ag, f— 0 0,0)eA(2m—2) if m>1, (2.14)
where ?(A) = )
0 if m=0.

We then show that it is possible to find coefficients a, fe4(2m) for Qu = 0, and a row vector
u(z,A) = (u,v,0,7) €A(2m +2) such that a solution u of 2u = 0 generates, by means of the
transformation Xom = #(2,A) .4 = pu+vu' + cA~2u" + 7A-2u", (2.15)
a formally approximate solution Y, of /"y = 0. More precisely, X satisfies a related equation
of the form Ly Xam = (2 A)-Zam = X*"6(2,2). Zamy, (2.16)
where d(z,A) = (4,6,¢,d) € A, and where m is an arbitrary non-negative integer.

T We do not take complex conjugates in defining the adjoint of a linear differential operator (in contrast to
Coddington & Levinson (1955), p. 84), because L2-theory will not be needed.
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276 J. M. DE VILLIERS

The validity of the formal approximation y,, is proved by following Lin & Rabenstein (1969);
in fact, asin the theorems of that paper we obtain a fundamental set of solutions, with given asymp-
totic properties for [A| = oo, of the normal form 4"y = 0. Finally, in § 2(¢), we show how these
solutions of /"y = 0, together with a fundamental set of solutions of the basic reference equation
2u = 0 (studied by Rabenstein (1958) and given in appendix A), can be used to derive the
asymptotic properties of a fundamental set of solutions of the adjoint normal form A4 *¢ = 0.

(b) Transformation to the adjoint normal form A/ *¢ = 0

We consider My =0 in D,
as in (2.34, b), adopt the vector notation
v
vl
v =52, (2.17)
A—2y"

for column vectors, and introduce the scalar
¢ =A(z,A).y = A2) Y+ B(z, ) ¥' + C(z) A=2Y" + D(z) A~2",
with B(z,A) = By(z) + A~2By(2),

and where A(z,A) = (4, B,C, D) is a row vector in A(2) to be chosen. Using the vector form
v’ = My of A = 0, we find that

(d/dz)i¢p = Al.y (j=10,1,2,3,4), (2.184)
where the superscript j of A7 is merely a label (it does not denote the jth power), and in fact
A%(z,d) = A(z,A), Aitl(z,A) = (AY)'+AM (j=0,1,2,3). (2.185)
Thus ¢ = A.y and ¥’ = My imply that

4= Gy, (2.19)
A(z) B(z,2) C(2) D(z)
L0 BEY Oy D)

where G = |- A2(z,A) A2B%(z,A) A~2C%(z,d) A—2D2(z,A) |

A2A3(z,A)  ATEB3(z,A) AT2C3(z,A) A~2D3(z,A)
However, we demand that G € A. Therefore, since
At=A"+AM = A’ + (—rD,A—¢D,\2B— A% D, C)

by (2.4), and since p, ¢, r € A, we must have

By =p,D = zD (2.20)
by (2.35), and it follows that Ay = (4, B,,C,z"1B,).
Repeated use of the formula (2.185) yields
4 B, C z71B,
c 4y B} C} D
o=lo o By-zD* o | (2-21a)

0 0 C3 B} —zD?
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ASYMPTOTIC SOLUTIONS YL
4, B, G\, D) (j=
where A(i) — (Aj)o - {( C!’ 0.3 o,D) (.7 1):
(48, B3, C3, Dj) (.7 =2,3),

is the leading term in the expansion of A’ in powers of A2, and

Ay = A" —ryz71B,,

B} = By+A—qyz71B,,

01 C'+ By— p,271B,, - (2.21))

= (z71B,)' +C,

(7% = 2(B})’ —22(D%)" — (g0 +1) D'+ 45— 2C3,.
The relations (2.215) show that we may regard the functions 4(z), By(z), C}(z) and D(z) as
the undetermined elements of G. It is clear that the matrix G will be known once G has been

determined.
Consider the matrix Gy(z) at z == 0. Since By(z) = zD(z) by (2.20), we have By(0) = 0 and

(detGy) (0) = A(0) {B}(0)}3 (2.22)
therefore, for the matrix G in the transformation ¢ = Gy to be invertible, we demand that
A(0) # 0, Bj(0) # 0. (2.23)

So far, the vector A is subject only to the conditions By = zD and (2.23); we now specify it
further to obtain the desired adjoint normal form .#"*¢ = 0. By the definition (2.6) of #/™* we

can write NEp = L¥p—ay(z,A). @,
where Li$ = $7+ 022" +aud’ +Pu B}
Then, for any constants oty and fy, the transformation formula (2.18¢) implies that
Lo = Aty + 2zA% y+a, AL y+ B, Ay} = Ay,
where A = A+ 22zA% o AV + B4 A}
We shall choose 4(z), By(2), C3(z) and D(z) in such a way that A belongs to 4; in other words,
we shall equate to zero the coefﬁaent of A% in the expansion of A. It can be verified, using the

relations (2.184), that A = AZA where A e . Hence, if the requirement A0 = 0, as well as the
condition (2.23) can be realized, it will follow that A € 4, and consequently that

Ligp=Ay=AG g =0,p+bpd +6, 120" +dy 124" (say)
= a4(z,1). 4,

and this is the desired form A *¢ = 0. We use the formula (2.185) to compute AAO; the condition
A, = 0 then requires that 4, B, satisfy

— 1o By +2(AY) + oAb+ By A = 0, (2.244)
~qo By + 24} + 2(B5)" + s By + fx By = 0, (2.240)

where A4}, B} are given in terms of 4, B, in (2.215); and also (once 4, B, are known), that C§, D*
satisfy

3(Bj)"—3z(D")" = 3(1+¢,) (DY) — (2 +70) D' — po( By — 2D*) + 3(4p)’ — 22(Cy)’
—(1+gy—2) Ch+ B+ C =0, (2.240)
3(BY) +A§—2z(DY) — (2+gy—ay) D1+ fB4,271By = 0, (2.24d)
where C'is given in terms of DY, B, in (2.215).
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278 J. M. DE VILLIERS

To solve (2.24a,b) for A, By, we observe that by formally letting A - 00 in #Y = 0 and
AN *¢ = 0, we obtain the reduced equations.

Ry = 20"+ gV +roY = 0, (2.250)

Bot = 28"+t +Puh = 0. (2.250)

Formally letting A — oo in the transformation ¢ = A. y, yields ¢ = Ay + By, which suggests

LemMA 2.1. Let yry, 1y be linearly independent solutions of B = 0 and ¢y, ¢y solutions of yp = 0.

If A and By are such that ;= Ay, + Byl (j=1,2), (2.26)
then A, By, satisfy the equations (2.24a, b) (but in general are singular at z = 0).

Proof. Differentiate (2.26) and use Zy; = 0 to eliminate ¥, thereby obtaining, for j = 1, 2,
G5 = (A" —=1gz7t Bo) ¥+ (A+ By — 90271 By) ¥
= Ay + By
by (2.215). Similarly,
¢j = {(45)" — 7027 Be} ¢y + {45+ (BY)' — g0z Be} ¥

Hence

0=Ryp; = {—roBi+2(4h) + s A5+ P A} th s +{— qo By + 245 + 2(By) + s By + B Bo} ¥,

(2.27)

and since this is true for linearly indepenent y, ¥, the coefficients of ¢, and of ¥} in (2.27) must
both be zero. Now compare (2.27) with the equations (2.244, b).

We now show that by correct choice of the constants a, and f, we can ensure that 4 and B,
belong to o (D,), and also satisfy the condition (2.23), and that the matrix G is then invertible,
not only near z = 0, butin all of D,. First, note that the equation #y = 0has a regular singularity
atz = 0, and, since ¢,(0) = 0 by (2.3b), it hasindices 1 (= 1 —¢,(0)) and 0. Moreover, it is known
(from the theory of second-order equations with regular singular points) that Zy = 0 has solu-

tions ¥y, ¥, defined by ’ o
n=0

Vo = %2—70(0) Inzyy, (2.28)
with Up =1 +n§‘,0 d, z".
Furthermore, the Wronskian of ¢y, ¥, is
v Wi a(2) = W{iry, ¥ra} (2) = exp{—f:g‘%t) dt} #0 for zeD,, (2.29)
since g, € # (Dy) with gy(0) = 0. Now choose
ay =0, fy=1(0); (2.30)

for then Z,¢ = 0 also hasindices 1 ( = 1 —o,) and 0, and %, ¢ = 0 has solutions ¢,, @, defined by
¢, = z{l +n§:]0ynz"},
G = Py —1,(0) Inz ¢y, (2.31)
1+ §] 8, 2"

n=0

The choice B, = 7,(0) ensures that the constant 74(0), which occurs in 1, appears similarly in ¢,.

i

with bq
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ASYMPTOTIC SOLUTIONS 279

THEOREM 2.2, Set ay = 0, By = 14(0), and let fr; and ¢;(j = 1,2) be the solutions in (2.28) and
(2.31) of the reduced equations By = 0 and Ry = 0. Define A(z) and B,(z) by the equations

AY;+ By =¢; (j=1,2). (2.32)
Then A and z=* B belong to 7 (D,) and satisfy (2.24a, b) with
A(0) =1, By(z) = 0(z*) for |z|->0; (2.33)

and there exist functions C} and DY in A (D) that satisfy (2.24c¢,d). Moreover, the matrix G in the trans-

JSormation ¢ = G is invertible in Dy. This completes the transformation from M = 0 to the adjoint normal
Jorm N/ *¢ = 0.

Proof. (a) The equations (2.32) may be written, because the In z terms cancel in the second, as

AzY%Wr +2z71By Y = z71¢, }
Aifry + 271B (25— 10(0) ¥ry) = By

which may be regarded as a pair of equations for 4 and z=1B,. Clearly the coefficients and right-
hand sides of (2.34) belong to #°(D,); for the determinant 4, , of the coefficients we have

(2.34)

Wz W
L2 %2 2yry —14(0) Yy
_ vy v
B zpz“’o(o) Inzyry g —2z71(0) Yy —74(0) Inz 9y
= gl :ﬁ = Wy,(z) #0 for zeD,

by (2.29). Hence 4, Bye #°(D,). By virtue of lemma 2.1, 4 and B, satisfy the equations (2.244,).
The properties (2.33) of 4 and B, follow if we observe that, at z = 0, the pair of equations (2.34)

b
ceomes A(0). 1+ B(0).1 = 1,}

A4(0).1 =1,
whence 4(0) = 1, By(0) = 0.
(b) Next, to determine D'(z), we set g = 0in (2.24d) and write that equation in the form

2z(DY)' + (24 ¢,) D' = f1(2),

where f; € #(D,). It follows that the function
z z t ’
1 1,1 _[?2.®) { g,(t) /}
Dt =1z exp{ N7 ds Ofl(t)exp T de'pd¢

has the properties stated in the theorem. Now set &y, = 0 in the equation (2.24¢) and write it in

the form
2z(C})" + (1 +¢) C§ = fo(2),

where f, € #(D,). Hence the function
z 13 ’
Cl = 3ztexp { ,_fszLEQ dt}f tE£,(8) exp {f %—%—2 dt'} dt
0 0

0
has the desired properties.

22 Vol. 280. A.
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(¢) The matrix G in the transformation ¢ = Gy is now known explicitly in terms of the
functions 4(z), By(z), C§(2), D*(z), and the coefficients p(z, A), q(z, A), 7(z, A) of Ay = 0. More-
over, G € /A, and it remains to show that G is invertible in D,. First, recall that

B}y = By+A—qy,z71 B,

by (2.215), so that the determinations A(0) = 1, By(0) = 0 in () above imply that B§(0) = 1.
Therefore, by (2.22),

(det Gy) (0) = A(0) {B}(0)}® = 1. (2.35)
Next, observe that if ¥is a fundamental matrix solution of the system (2.4): ' = My, then the
matrix @ = G¥ is a fundamental matrix solution of the system (2.7): ¢’ = N*¢. But the equa-
tion .#yr = 0 does not contain ¥, and the coefficient of ¢” in /" *¢ = 0is O(A~2) for |A| - co.

It follows that
detG = (det®) (det ¥)~! = constant+ O(A~2).

Hence, detGy(z) =1 in D, (2.36)

by (2.35), from which it is clear that the matrix G is invertible in D, for large |A|.

(¢) Formal, approximate solutions of "y = 0

In order to make the theory of Lin & Rabenstein (1969) applicable, it is necessaryt to consider
the normal form

Ny = A5+ Nz X +fox)—a(z,A).x = 0 in Dy, (2.37)
where A" and A"* are (real-type) adjoints of each other, so thatay = 2 —a, = 2, f, = £, = r,(0),
and a(z,A) = (a,b,¢,d) € Ais given in terms of @, (2, A) = (ay, by, ¢4, dy) €A in (2.9). Henceforth,

although we shall assume that
ay =2, o =r1o(0), (2.38)

in Ny = 0, we nevertheless retain the symbols ety and f,. Now introduce the dominant differential

operator L defined by
Lou = ul¥ + X{zu" +agu’ + Byu},

and note that 4"y = 0 can also be written in the form
Lyx—a(z,A).xy =0 in D,
Next, we define the basic reference equation
Qu =uV+A2{zu" +oa(A) ' +f(A)u} =0 in D, (2.39)

or, equivalently, in vector form, &’ = Qu asin (2.13). Here the coefficients o and S are in A (2m)
for some non-negative integer m, and are independent of z; they are undetermined apart from
oy = 2 and S, = r,(0).

We now construct a formally approximate solution Y, of 4"y = 0. Let u be a given solution
of u = 0, even though a,,, £,, (n = 1,2, ...,m) are still to be chosen, and m an arbitrary non-
negative integer. Make the transformation

Xem = #(Z, A).u = pu+ve' + oA~2u" + 712", (2.40)

1 This is due to the restriction Re («,) > 1 imposed by Lin & Rabenstein (1969).
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where u(z,A) = (u, v, 0, 7) is a row vector in A(2m + 2) to be chosen, with p, o, 7€ A(2m), and
veA(2m+2). Equivalently (cf. (2.18), (2.19)),

Xem = Hoptt,
W v o T
ut -l ot m | (2.41)
A—2ﬂ2 A—ZV‘Z A-—-ZO-Z A_ZTZ
A—Zluﬁ A—2V3 A—20-3 A—ZTZ
and H=p, wtt= (@) +wQ (j=0,1,2,3). (2.42)

The matrix Q is given in (2.13). It is clear, if we replace B, and D by v, and 7, in (2.20), that

where Hg,,, =

Hy,, eA(4m+6) if (andonlyif) v, =z7, ' (2.43)
Here the argument 4m + 6 is obtained by first noting that the functions
mo,Ted(2m), ved(2m+2),

and the coefficients o, f€4(2m), and then using the formula (2.42) for j = 0, 1, 2, 3. With ()
as in (2.41), we have

N Nom = pE- 8+ A2 zp2 u oot u+ fopu.ut—{ap. u+dpt . u + A2 u+dA2pd . u}
= A%p.u  (say),

with g€ 4, as can be verified from the formula (2.42). Assume, for the moment, that the matrix
H,,,, in the transformation y,, = Hy,,t is invertible, and that

A =A"""2q  with ged. (2.44)
In that case, N Xem = A7 = A7, Hgp ¥ om)
= A"2G(Z,A). fomy  SAY,
with d(z,A) = (4,b,¢,d) e, and this is the desired related equation (2.16). To realize (2.44),
we must have for =0 (n=0,1,...,m). (2.45)

Note that what follows resembles the work of § 2 (), with g, ji replacing A, A. By (2.42), and the
fact that v, = z7,, condition (2.45) for n = 0 requires that p,, 7, satisfy

2+ iy — Bo(2274 + 7o) = 0, (2.464)
275+ (2 —aty) Ty + 240 = O, (2.46b)
and, once p,, 7, are known, that o3, 7§ satisfy »
3(v)" — 32(75)" — 3(L+a) (75)" — By 7o + 3(5)" — 22(05)" — 05 = O, (2.46¢)
3(v)" + b —22(75)" — 275+ oo = O, (2.464)
where : #5 = to—PBoTos

1 ’
Vs = (270)" + o — 2 To-
After o}, 7§ have been found, the relations
0'(1) = O'(,, T+ Vy— 2Ty,

1 — !’
To = To+ 0,
22-2
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and the formula (2.42) for g7 (j = 2,3) complete the construction of the matrix (H,,),- Once
matrices (Heg,)o, (Higm)2s +++s (Hizm) an—2 € 7 (D,) have been determined, condition (2.45) can
be shown to require, for z = 1, 2, ..., m, that the functions gy, 75, satisfy

Z:u’gn +O‘0ﬂén - ﬂO(ZZTén + TZn) = 1327; +F2n(z)’ (2.47(1)

Z{ZTgn + (2 ’"“0) Tén + 2ﬂén} = oy + ng(Z), (2'47 b)

where Fy, and Gy, are known functions in #°(D,) provided that (a) the constants cy;, Bo; (=1, ...,
2n — 2) have been determined, and () the leading matrix (Hy,,), = /; and where we have used

the fact that
Vop = ZTgp + O'%n—z - Uén—z-

After functions p,,, 7., € (D,) and the constants a,,, fB,, have been found, the functions
O3, T, must satisfy
—32(73,)" = 3(1+%) (12,)" — 22(03,)" — 03, = f2n(2), (2.47¢)
Z(T%n)l + T%n = an(z)’ (2'47d)
where f,, and g,, are known functions in #(D,). As before, determination of the functions
O3ns Ton € (D,) completes the construction of (Hiy,)s,, and this matrix then belongs to
H(D,). In fact, once (H(y,),m has been determined, it is clear that the matrix H,,, € A(4m + 6)
will be known.
Let m be an arbitrary non-negative integer. With a, = 2, £, = 7,(0), we can now prove

THEOREM 2.3. One can find (in principle) (i) coefficients o, f € A(2m) for the basic reference equation
2u = 0; (ii) a matrix H,, € A(4m+ 6), with

(H(zm))o =1, (2.48)
such that a given solution u of 2u = 0 generates, by means of the transformation
Z(Zm)(z> A) = H(2m)(z> A) u(zs /\)’ (2'49)

a formally approximate solution X, of the normal form A"y = 0. More precisely, (o, Satisfies a related

equation of the form
'/V‘X(2m) = /\—Zma(z, /1) - Xem)s

where 6(z,A) = (d,5,¢,d) € A. (If (and only if) By # 0, the constants Bon(n = 1,2, ..., m) may be assigned
arbitrary values).

Proof. (a) Introduce the vector x,,) = Hytt asin (2.41),and set, = 2 in the systems of equa-
tions (2.46) and (2.47). It is clear that if we set

Mo=1, v,=0, 0y=0, 75=0,

the system (2.46) is satisfied. From (2.42) we then deduce that (H,,), = 1.
(b) Let k be a generic symbol for functions in #'(D,). Now consider (2.475). We set the con-

stant
Qop = — GZn(O)>

multiply the equation by z~1, and integrate the resulting equation once to obtain

ZTén —Ton + 2/'{'27; = /l(Z).


http://rsta.royalsocietypublishing.org/

0
'am \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

/|

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

ASYMPTOTIC SOLUTIONS 283

Now use this equation to eliminate z7;, from (2.474). The pair of equations (2.474, ) conse-
quently becomes

z/ulZln"' 4’ﬂ0:“2n+ 2/“én_ 3ﬂ0 Ton = ﬂ2n+h(z)a (2.50(1)
. . Z’T;n —Ton + 2/1’212 = }Z(Z), (2’50b)
or, equivalently, in vector form,
w' = A(z) w+f(2), (2.50¢)
0 1 0 0
Haon 4B, 2 3B, Pon +1(2)
where w=|us,|, A(z)= z z z |, flo= z
Tan _2 0 1 h(z)
z z z

Since the system w’ = A(z) w has a singularity of the first kind at z = 0, it follows from the
theory of such systems (Coddington & Levinson 1955, chapter 4) that formal power series solu-
tions of the system (2.50¢), and therefore of the pair of equations (2.504, ), are in fact strict
solutions. Accordingly we set

o © )

— — k — k

Hop = E :“n,kzk’ Ton = E 7"n,k:z H }l - Z hkz .
k=0 k=0 k=0

Substituting these series into the equations (2.504, ) then leads to

(k+ 1) (k+2) /"’n,k+1+4ﬂoﬂn,k_3ﬁo7'nak = ﬁZnak,O'l‘hk (k =0,1, )a (2.51(1)
(k“l) Tn’k+2/l/n’k= hk (k = O, 1,...), (2.51b)

where d;, , denotes the Kronecker delta. It is clear that the equation (2.515) can be solved for
M, 1, ONCE T, 1 is known. To determine the functions 7,, ;, we eliminate u,, ;.. and #, ; from the
equation (2.51a) by means of (2.515), thereby obtaining, for £ = 0, 1, ..., the system

2B0(2k+1) 7y, 1 +k(k+1) (k+2) Ty 141 = —2Bon Oty 0 + Cn s (2.52)

wherec¢,, ,(k = 0,1, ...) are known constants. If 8, # 0, we can, for arbitrary f,,, solve this system
for 7, (k = 1,2,...) in terms of the leading coefficient 7, ,. If f, = 0, we choose

ﬁZn = %cn, 0>

to obtain a one-parameter family of solutions 7,, ; (k = 1,2, ...) of the system (2.52). Hence, by
correct choice of the constants a,,, f,,, we have found functions u,,, 7,, € (D,) satisfying
equations (2.47a, b); and so, from equation (2.47¢), we obtain

7, = 21 f " ganlt) dte (D),

0
and then, by equation (2.47d), we have
ol = bzt f " -bh(t) dte (D).
0

(¢) Finally, since (H,,,) = I, the matrix Hy,, is invertible in D, for large |A|. The arguments
preceding the theorem are now relevant, and the result follows.
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(d) Strict solutions of Ny = 0

By virtue of theorem 2.3 we can now appeal to the theory of Lin & Rabenstein (1969) to
justify the validity of the formally approximate solution y,, of # ¥ = 0 constructed above.

With a view to the applications in §§4-5, we now specialize to the following situation. By a
Jixed number or domain (open, connected, non-empty set) we mean one independent of z and A.

(@) Ais restricted to the sector

largA +4n| < & (2.53)

Jor some fixed (small) & > 0.

(b) The domain D, (which is characterized by the fact that the coefficients p, ¢, r of Ay = 0 are
holomorphic functions of z there) is a fixed neighbourhood of a given fixed closed real interval [z, z,), with
2, < 0 < z,

Let us define the disk Q = {z] || < K|A|78} (2.54)

for some fixed (large) positive K; then 2 < D, for |A| sufficiently large.
In order to define paths of integration later, and because D, need not contain a disk about the
origin of radius max { — z,, z,}, we also introduce the sets (figure 1)

St ={z||argz| < &, |z| <R}, z¢Q},
S5 ={z|largz+n| < 8y, |2z| <Rj z¢Q)}, (2.55)
Sg={z|-m+8; <argz< -0y, |z| <R; z¢L}
where &, and Rj(j=1,2,3) are fixed positive numbers such that each S < D,, with z,€S3,
zye§q and 2Ry < min {R;, R;}. We define
S =8,u8uss, Di=QuS, Dj=intD;, (2.56)

and add the restriction 0+36, < im, (2.57)
(because we shall need the condition ‘

—3n < arg (iAz8) < In when zeDj). : (2.58)

Sy, lzl=Ry
953, lz2l=Ry

883, |zl =Ry

Ficure 1. The domain Dy in the z-plane as defined by (2.56). The points z, and z, are also shown,
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Next, we recall that the basic reference equation 2u = 0 is equivalent to the first order system
(2.13): u’ = Qu, and that the coefficients «, € A(2m) of 2u = 0 are chosen as in theorem 2.3.
We assume henceforth that f, # 0; we can then, according to theorem 2.3, choose the constants
Pon (= 1,2, ...,m) all equal to zero, and it follows that £ = f,.

Now introduce the fundamental set of solutions

By(z;2(A), B, A),  Ax(z52(A), Bos A);  Aa(2;2(A), B, A)>  By(2;2(A), fos A)
of 2u = 0 (as given in appendix A). Then the matrix
B, 4, 4, By

Uiman s n_| B 4 4 B
(Z,OL( ))ﬁ()» ) = /\"233 /\._2A'1' A—2A121 A_ng (259)

A2By  A247  A-24) A2BY
is a fundamental matrix solution of ' = Qu.

Let E(z, A) be a generic symbol for functions which are continuous and uniformly bounded for
zeDjand |A| > |Ay|, with |Ay| sufficiently large, and denote by E(z, A) a matrix of the form

E(z,A) E(z,A) E(z,A) E(zA)

EGN E@n Ezn EE
E@N=1Ee By E@A) Eey)|
E(z,0) E(z,A) E(zA) E(zA)

Furthermore, introduce the matrix operation x as follows. If A = (a;;) and B = (b;;) are two
given n x n matrices, then the matrix € = A x B, with C = (¢;;), is defined by ¢;; = a;;b;;.
Recalling that the normal form /"y = 0is equivalent to the system (2.8): y" = N ¥, we can now

prove the following theorem.

TuEOREM 2.4. Suppose that the matrix Hyy,, in the transformation y o,y = Hig,yW is chosen as in theorem
2.3. Let U(z;(A), B, A) be the fundamental matrix solution (2.59) of u’ = Qu, and define

£ = 3idzth. (2.60)
Then the system ' = Ny has, for z€ D3 and |A| sufficiently large, a fundamental matrix solution
X(z,A) = Hy,y U+ A2 E(z,A) x R(z, A), (2.61)

1 A3lnA AflnA AflnA

. R 1 A*lnA AflnA A%lnA P
where =f{r2 ma WA ma| ST €S (2.624)

A2 2nA Aflna AflnA

1 AlnAztet AlnAz-tet InAz!
1 AMlnAaztet Adlnaziet InAz-2

R=102 Mmdztet Mlnztes A-2lnags| O 26D:\@ (2.620)
A2 AllnAziet AflnAzied  A-2lnA z4
Moreover, det X ~ 4n2fy A% for |A| >o0 and zeDj. (2.63)

Proof. We follow Lin & Rabenstein (1969), except that the lemmas bounding certain integrals
in § 6 of that paper must now be replaced by those in § 3 (4) below. In the definition (2.62) of the
matrix R, and the asymptotic property (2.63) of det X, we have used the fact thata, = 2.
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(e) Asymptotic solutions of A *¢ = 0
In§2(b), we transformed the equation £y = 0 to the adjoint normal form
N*P = GV +A2{z8" + fopt—04(2,4). 4 = 0,
with @, (z,A) = (ay, by, cx,dy) €A. Theorem 2.4 now enables us to obtain a fundamental set
of solutions, with given asymptotic properties for |A| - o0, of /" *¢ = 0.

THEOREM 2.5. For ze Dy and |A| sufficiently large, the equation N *¢ = O has a fundamental set of

solutions Go ~ 2mizdBy ¥ T (22388) for zeD, (2.64)
Py ~ —iymeimA-tz-te
Py ~ JmeimA-Etel, Sor fixed ze D3\{0}, (2.64b)

By ~ mizt fiy L HY" (2247)
(where J, and H'D are Bessel functions in the standard notation), with the following detailed properties.
(1) The functions (d/dz)i ¢,(j=0,1,2,3; k= 0,1,2,3) have the following bounds in Dy:
bo = 2E(z2), (dJdzligy, = E(z) (j=1,2,3);
) AH-DE(z, D) (j=10,1,2,8) for zel,
T . o
Ni-#zdi-te~tE(z,A) (j=0,1,2,38) for zeD;\Q;

AB-DE(z Q) (j=0,1,2,3) for zeQ,
@z ge= {10

Ai=izi-tefE(z,A) (j=0,1,2,3) for zeD3\Q; (2.65)
¢s = E(2,4),
(Agafds) =MAB(z2), (dd2)/gy = AHDE(Y) (j=2,3)

Jor zef,

(ddz)? gy = {(dd) 3 Bz A) (j=1,2,3) for ze D\,

(i) Suppose that zy € Dy, with |z,| = 8 > 0 for some fixed number 8. Then, in a sufficiently small fixed
neighbourhood Ny of z,., we have for ¢, and ¢ that

P = ;0 Av2n¢k,2n(z) +Rk,m<zs A) (k =0, 3), (2'660)
where the functions ¢y, o, (k=0,3;n=0,1,...,m) all belong to # (Ny), where
(d/dz)? Ry, (2, A) = A™2m=2In A E(z,A) (k=0,3;7=0,...,4), (2.660)

and where m is an arbitrary non-negative integer.
(iii) The Wronskian

i
W(dos P15 Pas h3) ~ 'ﬁﬁoﬂ A2 for  |A] — co. (2.67)
Proof. (a) First, recall that the normal form A"y = 0 and the adjoint normal form 4 *¢ = 0

can be written y' = Ny and ¢’ = N*¢ (respectively) as in (2.8) and (2.7). Next, denoting by
AT = (a;;) the transpose of a matrix A = (a,;), we observe that vector solutions

V= of vV =~—(N*Ty
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are related to scalar solutions y of 4"y = 0 by

vy = — A2y —zx' — ¥+ A2(— by + A2y, — A2dL) ¥ + A2 — 242
FA)  — Ay,

Vg = A"+ 2y + A7H(= A%y + A7) ¥ + A Y, (2.68)
1}3 3 -—-X’ — A—2d* X,
1)4 = X.

Hence, using the fundamental matrix solution
X = H,yU+2A72m2E(z,A) x R(z, A)

of y' = Ny as given in theorem 2.4, we can now construct a fundamental matrix solution V of
v = — (N*)T v, Weobtain

V=KU+A22E(z,A) x §(z,A), (2.69)
where the matrix K e /4, with
-1 -z 0 -1
z 0 1 0
K= 0 _1 0 o (2.70)
1 0 0 0

since (Hyy,y)o = I by (2.48), and where

1 MhnA A3lnx Aflna
A% InA InA  lnA
S=1"1 MmA ama atma| ©F €D (2.71a)

1 A3InA A¥lnA AflnA

1 AMInaziet AdlnAziet Inaz™?
z MlnAdzte=t AflnAzie! 1nA

1 MInAztet AflnAziet InAdz—2
1

S = for zeDg\Q, (2.715)
Atlndztet Allndztef InAz!
by virtue of the definition (2.62) of the matrix R.
() Since V is a fundamental matrix solution of ¥ = — (N*)7 v, it can be verified that the

matrix

& = (V1)
is a fundamental matrix solution of ¢’ = N*¢@. Thus, from (2.69), we have
@ = (UTKT + A-2m2E(z,A) x §T)~1
= {I{+A"2(KT)~1 (UT)"1(E(z,A) x §T)}~1 (KT)-1 (UT). (2.72)

In order to calculate the matrix (K7)~1 (UT)-! explicitly, we first use the fact that K e 4, with K|,
given by (2.70), to deduce that (K7)~'e 4, with

0 0 0 -1
KT)y-1), = 0 0 ! 2.73
1 0 —z -1
Next, we write (U7t = (uyy), (2.74)

23 Vol. 280. A.
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and note from the definition (2.59) of the matrix U that
det U = A=W (B, 4y, Ay, By) = dn?e M1 2222 (2.75)

where we have inserted the value of the Wronskian as given in appendix A (A 8). We now ex-
press the elements u,; in (2.74) in terms of certain third order Wronskians; in particular, we find
that
Uy = —A"2(det U)W (4,, 4y, By),
Ugy = A2 (det U)1 W (B,, 4y, Bs),
Uy = — A2 (det U)W (B,, Ay, Bs),
Uy = A2 (det U)"* W(B,, 4,, 4,).

(2.76)

However, third order Wronskians of the type appearing in (2.76) have been studied by Raben-
stein (1959). From §4 of that paper we have that, with
AJ' = AJ'(Z; &, ﬁo: /\)5 A;k = AJ'(Z; 2 -, ﬁo: A))

and with similar meanings for B; and B},

W(dy, Ay, Bg) = —2mie Mg A% B,

W(By, Ay, By) = 2mie~"efg-1020 4%,

W(By, Ay, By) = 2mic-megit e, (2.77)

W (By, Ay, 4) = 2mie ™ fF-122{(1 — e~2mi*) B¥ — B¥).

Thus, by (2.75) and (2.76),

ugp = (i/2m) e™BE, uy, = (i/2n) e™o4, } (2.78)

iy = — (1/27) e AY, gy = — (i/2m) €T B — (1 - c-mi) By,

Next, we use repeatedly the fact that By, 4,, 4,, By are solutions of 2u = 0, together with (2.75)

and (2.77), to obtain
4, 4y By

Uy = A-2(detU)-1| 47 4; Bj
A7 Ay By
= A~2(det U)~1{W(4,,4,, By)}
= — (i/2x7) e"™*B¥’, (2.79q)
4, 4, B,
Uy = —A-4(det U)-1| 47 Ay B
A7 43 By
— A (det UY [{W (Ayy Ay, By)} + 022 (A, Ay, By)]
= (i/2n) e~™*(A-2B§" + zB¥), (2.790)
4, 4, By
Uy = A4 (detU)-1| 47 A3 B,
A7 Ay By
= A"(det U) T [{W (4, Ay, Bs)}" + A%2{W (4;, 4,, By)}
+A2(1—a) W (4, 4,, By)]
= — (i/2n) e=™a (\-2B3" + zB¥ + (1—a) BY). (2.79¢)
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The remaining elements #;; of the matrix (UT)~! are computed in a similar manner. Then, setting
@y = 2in (2.78) and (2.79), we deduce from the form (2.73) of the matrix ((KT)-1), that

By A3 — 4t — B} +¢(X) Bf

By 4 -4y — B +¢() By’
AZEBE" AR —AAY A= By +o(A) BY'} |
ATRBE" ATAE" —A-RAFY A~ BY" +o() By}

(KT)~H(UT)7t = —(i/2m) P(z,A)

(2.80a)
where the matrix P e 4, with Py=1, (2.800)
and ¢(A) =0(A~2%) for |A| > co. (2.80¢)

Next, using (A 2) to (A7) in appendix A to bound the functions B, A¥, A¥, B and their deri-
vatives as they appear in the right member of (2.804), we find that
1 A% a3 AE
InA 1 1 1
DN B b B o B
Pt N D b B B
1 Adztet Adzlet 2
Inz A-dzted Adziet 1
A2zl A-Bz-tet A-Bztet A2
A-2z-2 -dzdet  Q-dztet A2

(KT)-1(UT)~1 = E(z,X) x for zeQ, (2.814)

(KT)-1(UT)-1 = E(z,A) x for zeDj\Q.  (2.81h)

Now, by virtue of the definition (2.71) of the matrix §, and the estimates (2.81), an explicit
calculation yields = Y

A2 1 A A8

(KT)=1(UT)-1 87 = In X E(z, ) x At a4 1 -t for zeQ, (2.82a)
TR BV |
1 z z1 1

Azb 1 Az—t 21
A1z 1 A-1z-%
Az 2z Az} 1

(KT)=1(UT)1 8T =InA E(z, A) x for zeD)\Q. (2.825)

(¢) The fundamental matrix solution @ of ¢’ = N*¢ is now given by (2.72):
& = (KT)-1 (UT)"1+A"2m2ln A E(z,A) x T(z, A), (2.83a)
where, using the estimates (2.81) and (2.82), we can show that

1 2% At a#
A1 11
T = AE ot At et for ze®, (2.835)
B0 D b B o P b

1 A-dztet  2dziet z
_ Azd Adzted Adztef 22 ] N
=1, adgtet a-dpde—t 2 or zeDg\Q. (2.83¢)
Azt A-dzdet Adzdet 2R

23-2
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The result (2.64) of the theorem now follows from (2.83) if we set m = 0, write

Ps Ps — ¢ — o +¢(A) Pg
’ ’ — ’ . ’ A ’ .
b = ¢;3 ) :1522 . ¢21 . . ¢0‘,'"€( ) $3 N (2.84)
A2gy A2gy  —A2gy ATE(— g +e(A) ¢)
ARG AL AT A= gy +e(N) )
with ¢(A) as in (2.80), and then insert the relevant asymptotic properties of the functions
B(’)klmx-:o( = BO(Z; O: ﬂo: /\))a Aﬂmz 0 A§|m=0 and B:;klm=0

(as given in appendix A) into the expression (2.80) of the matrix (K7)~! (UT)-1. Similarly, if
we set m = 1 in (2.80), we obtain the estimates (2.65) of the theorem.
(d) Consider the asymptotic expansions (A 2) and (A 6) of the functions

B;)k (E BO(Z; 2_“aﬂ0: /\)) and B:;k

The result (2.66) now follows from (2.80), (2.83) and (2.84) if we expand each term in these
expansions of Bf and Bj as a Taylor series about & = .

(¢) Finally, by virtue of the relation (2.68) between the fundamental matrices X and V of
x' = Nyand v' = — (N*)Ty, we can deduce that det X = det V. Consequently, since

® - (v,
we have that det® = (det V)1 = (det X)1 ~ (4n?)~1451A-2 for [A| >0
by (2.63). The result (2.67) now follows from (2.84).

3. BOUNDS FOR CERTAIN INTEGRALS
(a) Preliminaries

In the proofs of the theorems of §§ 4 and 5, estimates of certain integrals will be crudial. To this
end, we define the sets S; (j = 1, 2, 3; see figure 2), to be like the sets S; except that the radii R; are
replaced by the small radii R;, where

zy <Ry <Ry, —z,<Ry<R; and R;=1}R;.
We also write S=8USUS;, Dy;=0uS8, D,=intD,. (3.1)

Furthermore, let z4 be any point such that

Zx €8y, |z«| > Ry, (3.2)

and define the points z, and z; by
z,€08], |z| =R}, argz,=-0y, (3.3)
2€08;, |z| =R; argz =-—m+0d, (3.4)

where 057, 05, denote the boundaries of S7, ;.
Now introduce £(z,A) = §iAzd (3.5)
(cf. (2.60)), and define a depleted image of 2 by

W={f] ~§m—0, <argé < brn+dy |¢] < N}, (3.6)
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where 8, = 0+ (3) 8; < 1n by (2.57), and where N = (%) K3, with K the number occurring in the
definition (2.54) of 2. Suppose that the transformation (3.5) maps the sets Sy, S, and S5 in the z-
plane on to the sets (figure 3)

T, = {f|largé—in| < &, N <|E| < Kyal},

T, = {EllargE+4m| < 6 N < [E] < KA}, (3.7)

Ty ={|—n+0, <argf < in—0, N < || < Kg|A|}

(respectively) in the £-plane, where, in terms of the numbers defining the §;, we have

K;=3(R)F (j=1,2,3).

J J

'’

The §; are mapped similarly on to sets 7, with K} replacing K;. We define the sets
' T'=T,uTyuT D' =WuT', 2 =int%’, (3.8)
T=TyWwT,uT,, 9=WuT, 2 =int3, (3.9)

and the pOintS g*a gr’ gl E@, bY g* = g(z*a A)’ gr = ‘E(zr, /l) and gl = g(zl’ /\)’ with Zgs Zp ZIED—:;
asin (3.2), (3.3) and (3.4).

®

88y, lz|=R,

285, lzZl=Ry

953, |z2l=R; 083, |z2l=Ry

983 lz21=R;

Figure 2. The domain Dy (< D;) in the z-plane as defined by (3.1).
The points z,, z, and z, are defined by (3.2)—(3.4).

Remark. The basic reason for the complicated nature of the domains constructed above, as
opposed to the much simpler disks which were used in the analogous §6 of Lin & Rabenstein’s
(1969) paper, is that here the domains of interest in the z-plane must contain the real interval
[z, 2], whereas in their work no such condition was necessary.

Next, we introduce the truncation operator tru defined by

|£]® for |&

| >
tru|£|® =
I’U|€| {Nk for |§| <

where £ denotes any real number.

x} (3.10)

>


http://rsta.royalsocietypublishing.org/

I~
e A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

FA \
%

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

292 J.-M.DE VILLIERS

Let M be a generic symbol for fixed positive numbers (independent of z and A), and let # be an
integration variable in the £-plane. In lemmas 3.1 to 3.5 it is to be understood that

(@) &is any point of D,
(b) the result is claimed only for the paths of integration chosen in the proof,

§
(¢) f | f(n)]| stands for fs | F @) |9’ (2)| dt, where 5 = 5(t), s < t < 515 a parametric equation of
£ S
the path in question, directed from €y = 3(sy) to & = 9(s).

T3, 1E1=K3iA]
N oT 4, |E[=K{ 1A}
\\ /// ,/
N\ »7 argf =—4§n~3, ~ ‘
\ 7 > .
N4 N /
Y N
/ N g’.\ ’
, N ) arg § >/
7 \\arg E =—3n =%1:+82 /7N
/ . N e \\
/ N ’
’ \
/ d \
& ///f
,argé=1in &
— / 2
Ty, |E|=K,|A| ,’ o7y, |£l=K, |A]
/
- 7/
arg {=—4n+ 4, s arg £=4n—4,

075, ]5|=K3]M

0T 1§ 1=K3511]

FiGURE 3. The sets Z and 2’ in the £-plane as defined by (3.8) and (3.9).
The points &, £, and §; are also shown.

(b) Integral estimates for the proof of theorem 4.1

The following two lemmas are merely stated, since their proofs are similar to, but simpler than,
those of lemma 3.3 and 3.5.

LemwMa 8.1. For any fixed real number k < —1,

3 Mt k+1 - for k< —1,
[F gyt < e 977
£ Mln |A| Jor k=-—1.
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LemMma 3.2. For any fixed real number k,

&
f |(tru |g[*+) g¥e~r| < Mtru|€]¥|e¥,
£
£
and f |(tru |p|k+8) p=ter| < Mtru|€)*|ed].
&

(¢) Integral estimates for the proof of theorem 5.1

First, suppose that F'(£, A) is a function that is continuous for £ € ', and such that the estimates

Mtrulg]d for |E] < |AJ%,
F(E )| < { 3.11
_ FEDIS Vot for 161> I, (.10
holdfor{eZ".
LemMA 3.8. For any fixed real number k such that —% < k < §,
; MDD for |g] < |ARR
tru | |5+ 93F (9, 1) < { ' ’
Proof. We introduce the notation '
Al =4 lnl =ps 8 =7 and G(9,2) = | (tru|y|*+}) 7=HF (7, 2)].
Then, by (3.11), Mp- for p <N, v
’ G(n,A) < { Mp*+t  for N<p<H (3.12)

M=% for p > I,

Also, &, €T3, with |§*| > K;l. Now, using (3.12), we bound integrals along radial lines as follows.

r

G(7,A)dp < M-} for r > |&,]; (3.13)
&+l
" M=% for I <r< &, (3.14)
"Gy, A) dp < { MIERE=D 4 Af (704D _rkﬂ < MBED for N<r<i, (3.15)
’ MBED + M < MEE+D  for 7 < N. (3.16)
For integrals along circles we have
MBr=% for I <r< Kl 3.17
G("]y/\>|d77|<{ k4% < AfRE+T ’ ( )
p=r Mre+s < MIEE+D  for r < I, (3.18)

Now consider the various positions of &.
(a) Suppose that |£]| > |£|. For the worst case, £ 7T, take a path as shown in figure 4, and
use (3.14), (3.17), (3.14) and (3.13) for the successive paths. Then

£
f G(n,A) < MBI} < Mi|g|+
I
since £ = O(A), with |£]

>
(b) Suppose that K3l <
estimates apply.

|€x| > Kal.
|€] < |€«|. We need only part of the path used in (a), and the same
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294 J. M. DE VILLIERS
(¢) Suppose that & < |£] < K,l. Take a path as shown in figure 5, and use (3.14) and (3.17).
Weobtain
£
f G, A) < MIB|E|-L,
£x

(d) Finally, suppose that || < #. Take a path as in (c), and use (3.15) or (3.16) and (3.18).
It follows that

£
G(7,A) < MPG+D,

£
’/
”~
e
P
e Sso
// \\\\
,, gi \\
/S E N
Vi T.. AN
/ \

/ \
/ AN
/ T, \

1 \
7/
’
N /
N Vs
\\ /7
\VZ4
7/
T, £ 1=K5 ||

Ficure 4. The path of integration used in lemma 3.3 for the case |§| = |£4], £ € T

Lemma 3.4. Withl = |A| and large, and p > 0 and real, define for any fixed real number k (figure 6),

1 Jor p<1,
flp) =1{p*  for 1<p<i (3.19)
Bovt for p> i

Then there exists a number m > 0 depending only on k such that

flo) <f){1+|p—r}™ forall p>0 and r>0. (3.20)
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ok
mG 7
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Ficure 6. The function f(p), as defined by (3.19), shown for different values of k.

24 Vol. 280. A.
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Proof. First take p > r and write n» = max {k+ £, 0}.
(a) Ifp > 7 > 1, we have

S)f(r) < (p/r) (withequalityifp <& and &> —3})
<{l+(p—r)fri» < (1+p—r)® since r> 1.
(0) Ifp = 1 > r, we have f(r) = 1, and by (a) withr = 1,
Slo) < (T+p-1)" < (1+p—1)™
) U13p>r, FOIf) =1 < (14p—r)m.

Now take p < 7, write —p = min {k -3}, 0}, and argue as before to show that

F)f(r) < (A +r=p)?.
®

Finally, choose m = max {n, p}.

j
//// T,
/./ \\\ aTI
// §2 gl \\\
/ A or,
// T, \
y; & Q
/

// I, A\

Ficure 7. Examples of the integration path I'; used in lemma 3.5.

LemuMa 3.5. With F (&, ) as in (3.11), and for any fixed real k and p, p > 0,

Mtru |g|*+Ee?| for |€

[ tewalaetygimin 2y e < | S
¢ ’ MAR|g)E g for |€] > |

AR
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Proof. As before, we use the notation
I/\l = l: I’”l =P lgl =7 and G(ﬂ’ A) = l(tru l”lk-l-%) "7—%F(77, A)I;
where G(7, A) is bounded as in (3.12). Now, for each £ €2, there exists a piecewise linear path,
from £10 & (fgure 7)1y = n(s38), 0<s<s(f), Iy,
onwhich (0/os) Re () = h > 0; (3.21)

here s is arc length and £ is a fixed constant independent of £ and /.
The first step is to dispose of (tru |y|?) =¥ by proving that

Er &
[ emn o) < [ G, 1) e, (3.22)
£ £

where the path of integration is I';, and where
Nkt for p < N,
Go(p,l) ={p** for N<p<H,
Bot=% for p > It
If £ is such that I'; n W = &, (3.22) follows immediately. Suppose that £ e W, with Re (§) > 0,

and that I, n W = I, so that I is the straight line from £ to a point £,,€ 0W. Then, for (3.22) to
be true, it suffices to prove that

gw gw
L G, A) le?7| < M f Gy(p, 1) [eP1]. (3.23)
£
£w
o [, Guton oo > Nt min e, -,
3 new
£w
and L G(7,)|e 71| < §MN¥max |e-»7||£f - £].
new
Al | |£3-88) < Mig, -4

since |£,| (= N) is bounded away from zero, and (3.23) follows. A similar procedure yields
(3.22) for all other points £€2 for which I''n W # &.
Now, with f(p) =f(p,[) as in (3.19), it can be verified that

&r &r
[ Ge.nlewt < v [ sp e,
&
Hence, if we can show that f f(p 1) |e=P1| < Mf(r,1)|e "¢, (3.24)
£

the result of the lemma follows.
Now on I'; we have |9p/ds| < 1; hence |p—7| < s and, by (3.20),

Flo) <) (1+5)™ (3.25)
Moreover, since (0/0s) Re () > & > 0 by (3.21), we have that

Re (1) > Re (€) + s,
which implies that |e=1| < |e~Pé| e~Phs, (3.26)

From the estimates (3.25) and (3.26) we now obtain (3.24), with

M ==J‘eo (14s5)me—rheds,
0

24-2
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4., A UNIFORMLY BOUNDED SOLUTION

Recall the definition (3.2) of the point z, € Dyt
24 €8y, |24 > Rs.
Then, with the operator .# defined by
Mpp = P+ {p(2, ) Y+ (2, ) P +1(2,A) )

as in (2.3), we prove

THEOREM 4.1. Suppose that there exists a function v(.,A) € (D3) such that, for |A| sufficiently large,

we have 3
0
| A <{MIAI Jor ze8, (4.1)
M|z|" for zeD3\Q,
and V(Zgs A) = ¢+ 0(A72), ¥'(24,A) = O(A72),

where cy is a fixed non-zero constant. Then the equation Mu = 0 has a solution u(z, A) in Dy such that, for
|A| sufficiently large, we have

(i) u(z*, /\) = Oy u'<z*, /\) =0,

(i) |u(z,A) —v(z,2)| < M|A|=2In|A| for zeD,,

(iii) |@'(z,A) —v'(z,A)| < M|A|~% for zeD,.

Proof. (a) We define the remainder
p(z,A) = u(z,A) —v(z,A),
so that the problem Mu=0 in D, }
U(zy; A) =Gy, (24, 4) = 0,

becomes Mp =~ My in Dy, }

(4.2)
p(z4,2) = O(A72), p'(z4,A) = O(A72).

(b) To solve problem (4.2), we first obtain a fundamental set of solutions Vo Y1, ey Y5 of the
equation .#Y = 0 as follows. Since the equation .4/ *¢ = 0 is equivalent to the first order system
(2.7): ¢' = N*¢, it is clear from theorem 2.5 that the matrix

¢0 ¢1 ¢2 ¢3
I A
ARGy A A Ay
ARGy AT Ay A

-

is a fundamental matrix solution of ¢’ = N*¢. Then, by theorem 2.2, it follows that each column
Vi (£=0, 1,2,3), of the matrix ¥ = G~'& corresponds to one of the linearly independent
solutions Yy, Yy, ¥y, ¥ of MY = 0.

(¢) Let the Wronskian of the functions ¥y, ¥y, ¥s, Yrsbe W= W (o, ¥y, ¥ay ¥3) (which is inde-
pendent of z), and let 4,(z, A), £ = 0, 1, 2, 3, be the determinant that results from replacing the
column ¥y, ..., ¥ in Wby 0, 0, 0, 1. Write —.#v = f(z, A); then the differential equation .#p = f
in (4.2) is solved by

Pl ) = o) Yoz 2) + () Yl 2) 4+ W 3 () [ A G2 e (43)
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Here the coefficients ¢y(A) and ¢3(A) will be determined later from the boundary conditions, and
20 = Zyy 21 =2y, 29 = Zypy 23 = Zy,

with the points zy, z, and z defined by (3.2), (3.3) and (3.4).
(d) The next step is to bound the integrals

s (4.4)

L= | Wyla ) [ e 0 e

and J, = I W1y (z, A) f ;Ak(t, N F(A) dt'. (4.5)

Recall the transformation £ = 4iAz# of § 3, and change the variable of integration in the integrals

in (4.4) and (4.5) to 9, where
7 = %iAek.

In order to use lemmas 3.1 and 3.2, we bound the right-hand sides of (4.4) and (4.5) in terms of
£, 7 and A as follows. First, recall that the matrix G—1in ¥ = G~1@ belongs to 4. Moreover, if we
explicitly invert the matrix G, as given by (2.21), we find for G5! = (g,;) that

g12(2) = 0(z%), gu=0(2) for |z|—> 0’}
and 81 =82=8u=8n=81=0,
where we have also used (2.33). Then, from the bounds (2.65) of the elements of @, we deduce
the following estimates for the functions (d/dz)/ ¢, (j = 0,1,2,3).
Yo = AH(tru [E9) Ez,0),  ()d2) o = E(z2) (j = 1,2,3);)
gy = A% (tru |£]-8) + 2% (tru |£]8) e £ E(2, A),
{(d/dZ)" Yy = 0D (tru [EFH) £ E(z,1)  (j=1,2,3);
Yo = (A7 (tru |£]8) + AH(tru €[]} e£ E(2, 2), (4.6)
{(d/dZ)" Yo = MOD (tru [g[H) £ E(2,2) (= 1,2,3);
Yo =E(50), dyy/dz =In (0% (tru |£[H} E(z ),
{(d/dz)f Yy = A30-D (tru [£|3G-D) E(z,1)  (j = 2,3).

Now, using these bounds, we can show that

A4(t2) = Ab(eru |p| ) E(1, ),

A,(t, ) = A(tru |y|-}) e E, ),

Aa(t,2) = A (tru |g| -} e E(1, ), (.7
Ag(t, ) = E(t,X).

Next, it follows from (4.1) that
6] = 4] < MIAEtru |45 (45)
and from (2.67), since det G5! = 1, that
| |W-1 < M|A|-. (4.9)

By virtue of the estimates (4.6) to (4.9), and lemmas 3.1 and 3.2, we now have that

£
o < MIA|#(era gf8) | [(era gl 974 da] < M|,
£x
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300 J. M. DE VILLIERS
and, similarly, I < M2 {tru |£]-2+ | A% (tru | €] D)},
I, < MIA] = {oxu Jg|2+ |7 era €] ),
I, < M|A|=2In |7
Also, Jo < M|A|E,
Jy < MA|~% (tru [£]-8),
Jy < M|A|~% (tru |£]-9),
J3 < M|A|~21n2|A|.

N

These estimates for I, J;, hold for £€ 2. Since they can easily be shown to hold also for those
points z€ £ which are not contained in the z-image of W (< Z), we deduce that, for |A| suffi-
ciently large,

M

I, < M|A|2In|A| for zeD,,

k=0
3

and > J, < M|A|-% for zeD,.
k=0

(¢) With these bounds on the ¥, and ¥, parts of p in (4.3), the boundary conditions become
6o(A) Yo(24s A) +¢5(A) Yrg(24, A) = 0(/\‘2),}
co(A) Yo(24, A) +63(A) Yr3(24, A) = O(A72),
and if we can show that the determinant
VolzssA)  ¥rs(24,A) ,
Yoz A)  Yra(z4, A)
satisfies | 44| > & > 0 for some £ independent of A, it will follow that ¢, and ¢; are 0(A-2). Now
A* = AIAII + O(A_2 11’1 A),

Po,0(24)  Ds,0(24)
Po,0(24) ?3,0(2x)

(4.10)

x =

gu(zs)  &ua(z4)

where Ay = and Ay =
8o1(2x)  g22(24)

2

and (because gg; = g3z = g = Za2 = 0 and gy = 0)

_detGy' 1

! Z33844 h g33.§’44.

Since |gs5| and |gu| are bounded above, at z, |4z| is bounded below. The Wronskian Ay; is also
independent of A, and is not zero because ¢, , and ¢ , are linearly independent solutions of

26"+ Po = 0. |
(f) With ¢,(A) and ¢3(A) chosen to satisfy (4.10), the function p(z, A) of (4.8) is a solution of
problem (4.2), and # = v+ p has the properties claimed in the theorem.

In our final application (§6) we shall need to know the asymptotic behaviour of the solution
u(z, A) just established to arbiirary order in A, when z lies in a neighbourhood of the point z,. We
therefore prove
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THEOREM 4.2. Let v and u be as in theorem 4.1. Suppose further that |v(z,A)| < M for ze Dy and
[A| = |Aq|, with |Aq| sufficiently large.
Then |u(z,A)| < M for ze Dg and |A| > |Ao|; and, in a fixed neighbourhood Ny of zy, we have

Wz, A) = 3 A2y (2) + R, (2, M),
n=0

where all the functions us,, belong to ' (N,.), where m is an arbitrary non-negative integer, and where
(d/dz)iR,,(z,A) = O(A~2=2InA) for |A| >o0,zeN, (j=0,...,4).

Proof. (a) From the hypothesis |v(z, A)| < M, and theorem 4.1, it is clear that |u(z, A)| < M for
zeDgand |A| > |A,|, with || sufficiently large.

(b) Consider the fundamental set of solutions g, ¥y, ¥rg, ¥5 of MY = 0 which were obtained
from the transformation ¥ = G—1@® in theorem 4.1. Then clearly there exist coefficients £y(A),
ky(A), ky(A), k5(A) such that

u(z,2) = ko(A) ¥o(2,A) +k1(A) ¥1(2, A) +k2(A) Yra(2, A) +K5(R) Prs(2, 2). (4.11)
But, using (2.645), we can show that

Yy ~ const. x A~te~¢

Uy ~ const. x A-b et } for [A| >0 and fixed zeD;\{0}.
2 .

Hence
ky(2) = Ok exp{—Kycos (4 —8) [A]}),  ka(d) = O(Abexp{—Kycos (kr—8)[A), (4.12)

where the positive numbers Ky, K, and &, < }w are those occurring in the definitions (3.7) of
the sets 77, T, < 2 in the £-plane. For suppose that (4.12) is not true. Then, if we consider points
z; and zyp defined by | = Ry, argz; =—0,
lzir| = Ry, argzyp = m+4y,
and recall that 1,(z, A) and 3(z, A) do not grow exponentially, we get a contradiction of
lu(z, )] < M

upon evaluating #(z, A) from (4.11) at points z € Dy which are sufficiently near z;, and at points
ze Dy which are sufficiently near zpy.
It is now clear that if we define a fixed point z, by

zy€8y, |2zo| > |z4|, argzy = argz,,
and let N, be the intersection of §; with a disk about z, of radius
ky = min {}|zy — zo|, §|24[},
then u(z,A) = ko(A) Yro(2, A) + k3(A) Yrg(z,A) +g(2,A) in Ny, (4.13)

where the functions (d/dz)?g(z,A) (j = 0, ..., 4) are exponentially small in N,.
(¢) The boundary conditions satisfied by #(z, A) now become

ko(A) Yro(24, A) +k3(A) Yrs(24, A) = ¢4 — g(24, /\):}
ko(A) Yo(z4, A) +k3(A) Yr(24, A) = — &' (24, A).

This system is analogous to (4.10), and similar arguments apply. In fact, using the result (2.66)
of theorem 2.5, we can now show from (4.13) that «(z, A) has the properties stated in the theorem.
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5. AN EXPONENTIAL SOLUTION
THEOREM 5.1. Suppose that there exists a_function w(., ) € 7 (Ds) such that, in D3, we have
MIA|? Jor zeQ,
] < { MIAPE|2Hes] for |2] < |2z, (5.1)
MAJt|z] 7 |e~t] for 2| > |A]7h,

Jor sufficiently large |A|, and (forj = 0,1, 2, 3)
(d/dz)iw|,ep, = 0(A™) as |A| >0 for every n. (5.2)
Then the equation Mu = O has a solution u(z, A) in Dy such that ( forj = 0,1,2,3)

(i) (d/dz2)7u|,,, =o(A"™) as |A| >0 forevery n, (5.3)
. M|A|—# Sor zel,

(1) |u(z,A) —w(z,A)| < {M|A|_%|Z|_%|C_5| for zeDa\.Q,} (5.4)
e 1 , M|AJ¢ for zef,

(IH) |Zl (Z’ /\) —w'(z,A I < {M|/\|_LL]Z _ﬁile_gl for ZED3\.Q } (5’5)

Jor |A| sufficiently large.
Proof. (a) Define the remainder p(z,A) = u(z,A) —w(z,A), so that the equation #u =0
becomes Mp = —Mw = h(z,}), say.

Then, (cf. (4.3)), p(z,A) = W—lkéo Vilz, A) f ® A6, 2) B(t, A) dt (5.6)

satisfies #p = h. Here the symbols W, ¢, and 4, have the same meaning as before, but we now

choose _
20 =2y 2y =24, Z9=2Z2p 2Z3=Zp.

(5) We write =|w §:0¢k(z,A) f * A6, ) B4, dtl,
k= 2k

- " (5.7)
== % i) |

2

Ayt A) h(t, A) dtl,

and, as before, change the variable of integration to = (%) iA#}. Next, if we compare the esti-
mates (5.1) of the function #(z,A) (= —.#w) with the estimates (3.11) of the function F(&, A)
introduced in § 3 (¢), we find that

()] < MIAE@,N)[[e71] for ne.

This estimate, together with the bounds (4.6) to (4.9), and Lemmas 3.3 and 3.5, now imply the
following estimates for the integrals Iy, J;.

& '
I, < M|A| ¥ (tru |€]3) f Ity 5) 7740, 2) e

{MIAI“’*%(tmIéI‘*)Ie‘gI for |£] <|
MIg|= %" [e¥| for |¢] > I/\Ii‘

Mf(&A)|e | for |&] < |
fi < {Mgk(g, A)|e~t| for |&] = [A|i} (k=

and, similarly,
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where Si= IAI“%trUI-iI“%, & = &% + ||,
fo= N tralgl S, g [+ [AHE] %,

Js= |/\|—§‘tru|§| =8, gy = |§]=%"

M A —£ f < Ak
Also, Ty < { P& A)|e7i) for g <A } (k=0,1,2,3),
Mqp(&,2) |e7¥| for |&] = |2}
where po = tru ||, 90 = |A[¥]E]E, )
= |A[Ftru |g], ¢ = |A[¥E]E,
1)2 tru|§|“?v* Gs = |A|§|g|——7},

o= [AIF I [A] (trulg]F), g5 =In|A] |g|-*.

(¢) The estimates above, together with (5.6), (5.7), and the fact that p = u — w, yield the results
(5.4) and (5.5) of the theorem. The result (5.3) is a consequence of the hypothesis (5.2) and the
fact that p and its derivatives are exponentially small at z = z,,.

6. JUSTIFICATION OF EAGLES’S APPROXIMATIONS
(a) The Orr—Sommerfeld equation

We now consider the Orr—-Sommerfeld differential equation

d‘o d2@ d2@ ”
o 2k2—-— +k4¢—1kR{(w(y) —0) (—a—z——kzcb) w"(y) @} =0

in a complex neighbourhood of [0, 1], and study its asymptotic solutions for large kR. We assume
that the function w(y) enjoys the following properties:

(a) w(y) is real for ye[0, 1],

(b) derivatives of odd order vanish at y = 1: w@*+1(1) = 0,

(¢) w(y) is a holomorphic function of y in some fixed complex domain D containing the real
interval [0, 1],

(d) w(0) = 0,

(¢) w'(y) > 0forye[0,1),

(f) for given ¢, with Im (c) sufficiently small, there exists exactly one turning point y,eD
such that (i) w(y,) = ¢, and (ii) y, tends to a point of (0, 1) as Im (¢) - 0.

Now introduce the variable

S=Y—Yo

define the function V(s) = w(s +y,) —w(y.), and let the real closed interval [s,, 5,], with s, < 0 < s,
be such thats, = — ||, s, = |1 —.|. The hypotheses (a) to (f) above then imply the existence of
a domain D; in the s-plane such that (for Im (¢) sufficiently small):

(a) — Yo 1 !/CEDD

( ) [‘Yaasb] < Dl’

() Ver(Dy),

(d) V(0) =0, V'(0) #0,

(e) V(s) #0 for seD;\{0},

(f) fJV Yds’ # 0 for seD\{0}.

25 Vol. 280. A.
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Consequently, if we write w, for w’(y,), and let

v A% = —ikRw,, 0 <argw, < 2m,
P(s5,A) = V(s)Jw}-+A=2( — 2k2) = Py(s) + A-2Py(s),
and R(s,A) = {=TV"(s) —F*V(s)}we+ A% = Ry(s) + A~2R,(s),
the Orr—Sommerfeld equation becomes
d@ d@ .
Lo = —(T—4-+/\2{P( /\)a—i +R(s,A) @} =0 in D, (6.1)

This is a particular case of the equation investigated in § 2 ; henceforth % denotes the operator in
(6.1). ,
(8) The formal approximations of Eagles

Eagles (1969) defined e = (kRwg)=% = (etmn)-%
so that A = e—ime—4,

He introduced the stretching transformationt s = eo, and for bounded values of o (that is, for an
inner region), wrote the equation Z® = 0 in the form

dD_ dd ,d2 \
doi dz—H( a—z—‘p)+0(€),
where H = w"(y,) |w, = wewe,

and where the term implied by the O-symbol is known explicitly. He then defined exact solutions
@,, D, and @4 of LD = 0 by means of convergent series

;= (o) (j=1,%3), (6.2)

and computed the first few terms of these series. These solutions have the following properties.
(a) The functions ¥, ¥ (n = 0, 1, 2, ...) increase only algebraically (and not exponentially) as
|o| > oo with —fn+ 8 < argo < §m— 0 (for some fixed & > 0).
(b) Every function y§ has a factor exp ( — (2) ei™o?) for large |o| and

—In+0 <argo < §n—0;

hence the y”(n = 0, 1,2, ...) decrease exponentially as |o| - co with —3n+ 8 < argo < §m—4.
Next, Eagles constructed formal asymptotic series ¢ and ¢,, which were expected to approxi-
mate solutions of #® = 0 under the outer limit: |¢| — 0 with |s| bounded away from zero. The first
of these,
b= 3 (wle)m d00), X

was found by formal substitution into the Orr—Sommerfeld equation written in the form

fuy) - }{——-kzcb} W' (y) @ = i,e3{%;—5—2k2d—(p+k4di}

Wlth ¢5|y=1 = w(l) =0, %¢5'u=1 = Oa (%)39155]1/:1 = 0. (6'4‘)

1 Our variables s, o correspond to the variables z, 77 used by Eagles (1969).
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In contrast to ¢, which is bounded, the asymptotic series ¢, is unbounded, and has the form

80 = exp —e-3ut) [ YV () de} (7-505) + 0D,

Eagles then used the method of ‘ matched asymptotic expansions’ (Fraenkel 1969) to construct
(a) from the ‘inner’ solutions @,, @, and the formal ‘outer’ series ¢, a function that he called
EPr D, and that we shall call ¥,
(b) from the ‘inner’ solution @, and the formal ‘outer’ series ¢, a function that he called
GES™ (P:/G)
and that we shall call ®. Here

Gls,6) = odexp { —eH(wr) f :J{iV(s’)}ds’}. (6.5)

(Some details of # and @ are given in appendix B.) Eagles then assumed the following on the
basis of the first few terms of @, ..., ¢.
(A) There exists a solution @5 of P = 0 such that
(i) Ds—7 =o(e?),
(1 ) 5|s— 1-y, = V(l yc) (d/d&) ¢5|s=1—yc = 0;
(iil) (d/ds)® Ds|syy, = 0(e") for every m,
(iv) @5 = 0(1).
(B) There exists a solution @3 of L@ = 0 such that
() Gy x® = o(1) for |s|<lel,t
G,—m = G(s,€) p(s,e) for |s|>e|, with p(s,e) =o(1);
(i) (d/ds) Pylyry, = 0(c"), (d[ds) g,y

=o(e") forevery n.

s=1-y¢ s=1-y

(¢) The modified approximations v and w

The formal approximations ¥ and @ are single-valued only in a cut s-plane, where the cut ex-
tends from the origin to infinity in a certain excluded sector (Eagles 1969, Figure 2). Despite this,
¥ and @ were adequate for Eagles’s (1969) final applications, in which only the functions and their
Sirst derivatives were important.

To justify these approximations by means of the foregoing theorems, we must first construct
functions v and w whose second, third and fourth derivatives are bounded in a neighbourhood of the origin
(where these higher derivatives of Eagles’s # and @& are singular) but which, with their first derivatives,
do not differ significantly from Eagles’s functions throughout their domain of definition. For then
ZLv and Lw can be bounded uniformly, which is not possible for #% and £®.

Let £, be the disk

= {sllsl < Kolel}, (6.6)
where K is some fixed (large) positive number; £, characterizes the inner region because s = €o-.
The following lemma is crucial for the construction of v and w: we seek a function u(o) which
behaves like o to all orders for || = o0 in the cut plane

= C\{o|o =1y, 75 > 2K},
but which is bounded away from zero in C’, for then we can replace In o in the function % by a

function In u(o).

1 Following Fraenkel (1969), we use Hardy’s notation for relative orders of magnitude. If f(e) = o{g(€)} for
le| = 0, we write f < g or g > f. If f = O(g), we write f < g.

25-2
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Lemma 6.1. The conformal transformation (figure 8)

T4 = Lefm (i’-_zi), —jm<argr<}m —3n<arg (E ~2i) < im, (6.7)
K, K,

maps the cut plane C' on to the sector
S={r|—}n <arg7 < in, 7+#0}

and the function u(o) = = 2iKy(72+1) (1+1) (1—1+2e77) (6.8)
has the following properties:

() wek(C),

(ii) |u(o)| is bounded away from zero in C',

(iti) u(0) = o +f(0),
where flo) =0(c™) as |o| > in C' forevery n. (6.9)

For the proof see appendix C.

in

7-plane o-plane

Ficure 8. The mapping (6.7).
Remark. If, instead of u(c) in (6.8), we consider the (more easily analysed) function
@(0) = —2iKy(72+1) (7+1) (1—1+e™7), (6.10)

then lemma 6.1 holds, except that @(0) has a zero at 7 = 0 (o = 2iK,).
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Proof of remark. By (6.7) and (6.10),
o =—2iKy(1t—1) = = 2iKy(7%+1) (7+1) (1—1),
and (o) = 0 —2iKy(72+ 1) (7+ 1) e,

which implies the properties (i) and (iii) of #(¢’). It remains to prove that @(o’) has no zero in C’.
Returning to (6.10), we can easily check that the factors 72+ 1 and 7 4+ 1 are bounded away from
zero in §. Now consider the factor pr) = =146

in (6.10). First, write 7 = ¥ +iy = rel? and note that
Re{p'(7)} =1—e®cosy >0 for 7e€Ss.

Hence, if we write e~(7) = g +1ih, it follows that 0g/0r = Re{p’(7)} > 0 for 7€S.
Butg = 0at7 = 0;hence g #* 0in S, and p(7) # 0 for 7.
Now recall from §2 that the transformation

2= [ iy o) = i [ Vv es) (6.11)

maps the domain D; in the s-plane on to the domain D, in the z-plane, where D, is a fixed neigh-
bourhood of a given fixed closed real interval [z,, z,], with z, < 0 < z,. In §2(d) the domain of
interest in the z-plane was restricted to Dy = int Dj, where D = Q U 8", and [z,, z,] < D} < D,.
In the present (Orr—Sommerfeld) case we let the points z, and z, be the z-images of the points
Sa = —|9.| and s, = |1 —y,|. Suppose further that the inverse of the transformation (6.11) maps
the sets £2 and §” in the z-plane on to the sets £; and S (respectively) in the s-plane. Then, pro-
vided that the fixed number K, in the definition (6.6) of the disk 2, is chosen sufficiently large, we
have that

29 = Lo
and so, if we define Dy = 2yU Sy, Dj=intDy,
it can be verified that [$4 3] = Dy <= Dy,

and also that the points —y,, 1 —y,eDq (for Im (¢) sufficiently small).
As above, let # and @ be Eagles’s formally approximate solutions of #@ = 0, and recall that
xS is the leading term in the convergent series (6.2). Lemma 6.1 now enables us to prove

LeMMA 6.2. (a) There exists a function v(. ,€) € # (Dyg) such that, for |e| sufficiently small,

(i) |o—v] < Mle|® for seDy, (6.12)
(i) |[(d/ds) (5—v)| < Mle|* for seDy, (6.13)
Mle|=" for sef, }

(i) |&v| < {Mlsl"l For seD\Q,, (6.14)
(iV) vls=1—z/c = V(l —yc) + 0(63)’ (d/ds) vls:l—-yc = 0(63), (6'15)
(v) |v| <M for seDy. (6.16)

(b) There exists a function w(.,€) € # (Dg) such that, for |e| sufficiently small and with G as in (6.5),
() [P—ul < Ml for seQ,
|#—w| < M|G(s,6)|le] for seDg\2,
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(ii) [(d/ds) (¥ —w)| < M for seQ,
[(d/ds) (@ —w)| < M|G(s,€)]||e|}|s]F for seD;\Q,,

Mle|—3 Jor sef,
(i) | %u] < | MIGG sl for seDyKylel < s] < Jel (6.17)
MGG 4[5l for seDyls] > ol

and (iv) (dfds) w]emyy, = 0(e"), (d/ds)3w|s—y o(em)  for every n. (6.18)

—Yc =

For the proof see appendix B.

Remark. It should be noted that Eagles used his composite series @ as a uniform approximation
to @gonly for |s| > |e|, thatis, in the intermediate (1 > |s| > |¢|) and outer regions. In the inner region,
|s| < |¢], he was content to approximate @, by the function ¥. (Cf. his assumption (B) (i) as
given in § 6 (5) above.)

(d) The asymptotic solutions @y and Dy

Suppose that the inverse of the transformation (6.11) maps the domain Dy in the z-plane on to
the domain D, in the s-plane. Then [s,,s,] < Dy, < Dy, and the points —y,, 1—y,eD, (for
Im (¢) sufficiently small).

Our final theorem rigorously justifies the formal theory of Eagles.

THEOREM 6.3. (a) The equation #D = 0 has a solution Dy in Dy with the following properties for suffi-
ciently small |e|.

(1) ¢5ls=l—yc = V(l _yc)a (d/ds) ®5|s=1——yc =0, (6'19)
(ii) (d/ds)?Ds|s_y_y, = 0(c™) for every m, (6.20)
(iii) |Ds| < M for seD,. (6.21)

Furthermore (with © denoting Eagles’s E$°f™ &),
| @5 —5| < Mle|®In Je|
[(dfds) (@5 —9)| < Me|?
(b) The equation D = 0 has a solution Pgin D such that
(d/ds) Dysy—y, = 0(e™), (d/ds)® Dy|syy, = 0(e™)
Jor every n. Moreover (with ¥ as in (6.2), with @ denoting Eagles’s GE$%4™® (®,/G), and G as in (6.5)),
|D;— x| < Mle|t for sef,,
|@s—@| < M|G(s,€)|le]t  for seDy\2,,

} Jor seD,.

and |(Qfds) (0= 3] < Ml for s,
[(d/ds) (D3 —@)| < M|G(s,€)]||e|}|s| % for seDy\Qy, (6.22)

and for || sufficiently small.

Proof. (a) The transformation (2.24, b):

2(0) = 11 [V as), v = @easto,

yields L = (dz/ds) M
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we let z, be the z-image of the point s =1 —y,, and recall that A=2 = ie3. Theorem 4.1 now ensures
that, corresponding to the function v described in lemma 6.2 (a), there exists a solution @; of
Z D = 0 satistying the boundary conditions (6.19) and such that

|@5—1] < Mlefoln ], |(dfds) (@5—1)] < Mle]?

for se Dy and [¢| sufficiently small. The corresponding estimates for @;—% and its derivative
then follow from lemma 6.2 (a).

Since |v(s,€)| < M for se Dg by (6.16), we deduce from theorem 4.2 that @; has the uniform
boundedness property (6.21), and that

Oy = 3 By 5,(5) + Rulse) in N¥,
n=0
where N, is some small fixed neighbourhood of the point s = 1 —y,, and where all the functions
D; ,, belong to #(N,). Also, forj =0,...,4,
(d/ds) R, (s,6) = O(e3™*31Ine) for |e| - 0,5€ Ny,

and m is an arbitrary non-negative integer. Then, since

0= %D = 3 mPD, , +LR,,

n=0
we deduce that the functions @; o, (2 = 0, 1, ..., m) must satisfy the following differential equations
in N: V(B o — k2D; o} = V'D; 4 = 0, (6.23)
V{ng, 2n kz@s, Zn} - V”@5, 2n = T (1/ wé) {qjisjrzn-z — 2k? qjg, 2n—2 T k4@5, 271,-—2}

(n=1,2,...,m). (6.24)
Also, by virtue of the boundary condition (6.19),

@5,0(1"':%) = V(l —'yc), (pé,o(l'“yc) =0,
@5,211,(1_:[/0) == O> ¢é,2n(1*yc) =0 (n =1, 2; 3m) (6'25)

Differentiation of (6.23) yields
V@ o = B2V = V{Dg g — kD5 o} + V" Dy o+ V' Ds . (6.26)
But, by condition (4) in § 6 () on the function w(y) = V(s) +¢,
Vi(1=g) = V"(1=g) = V(1 =g)) = .. = 0.
Hence, using also (6.25) and the assumption V(1 —y,) # 0, we obtain from (6.26) that
D50(1-y,) = 0.

Similarly, by differentiating (6.26) twice, we can show that @F (1 —y,) = 0, and subsequently,
by differentiation of (6.24), that

@gi‘zn(l_yc) =0 (fl =1, 2,""m)'
Thus (dfds)* Bglo_y_y, = (dds)2 Rplya_ye = O(em21ne),

and, since m is arbitrary, we have proved the result (6.20).
(b) We use the results of lemma 6.2 (b), and, arguing as in () above, appeal to theorem 5.1,
which implies the existence of a solution @3 of £® = 0, with properties as stated. -
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It should be pointed out that Eagles computed not only the composite series
GECR™(9,/G) = ,

but also the longer series GE{?(®,|G), in order to check an additional term in the formal asymp-
totic expansion of @;. However, he did this merely to compute the order of the error of the
shorter series @, which is the one that he actually used to compute stability, and our analysis has
in fact recovered rigorously this error estimate. (This follows from the fact that our error esti-
mate (6.22) can be shown to imply precisely the estimate (6.19) in Eagles’s (1969) paper.)

APPENDIX A. SOLUTIONS OF A REFERENCE EQUATION

Rabenstein (1958) considered the equation
w4+ A2{zu" +au’ + fu} = 0, (A1)

wheret o and £ are complex parameters which depend on A in such a way they are uniformly
bounded for |A| > |A,|, with |A/| sufficiently large. It was assumed that £ # 0.

A fundamental set of solutions By(z;a,f,A), 4,(z;a, f,A), Ay(z;a,f,A), Bs(z;a, f,A) of
equation (A1) was then defined, and shown to have the following asymptotic properties for
large |A| and z in the domain Dj (as defined by (2.56)). The generic symbol £(z, A) is defined as
in §2(d).

(@) () Bo= 3 (1/n) (GA2)" b, (254 31, ) + 2 2E(z, ), (A2)

where the functions b, ,(z; &+ 8n, §) (n = 0, 1, ...,m) can be expressed in terms of a Bessel function

of the first kind as by, = — 2mie~Tietsn) (Ap-F)1-a-sng _ (273B});

0,n
. Ae-DE(z,A) for ze®,
(i) A= { —iy/(m) e~dmitdetd qo—d ze—fexp{— 2iAzB} {1 + A1z BE(z,A)} for =z ED:;\.Q;}
(A3)
Ae-DE(z Q) for zef,
(i) 4y = {J(n) emita—b Aa—E zho—d exp (3iAzH) {1 + A-1z-4E(z, )} for zeD;\Q;} (A4)
E(z,A), Re(a) <1, a#1
(iv) By={lnAE(zA), a=1 for zeO, (A5)

Ae-DE(z, 1), Re(a) > 1

B, = %0% (A" by ,(z;0+ 3m, B) + A~¥m—2z—a—2=3m (2 A)  for zeDy\Q, (A6)
n=on!
where the functions b ,, (z;+ 3n, #) can be expressed in terms of a Hankel function as

by,n = mi(eXMzbf-d)lmeInH{D, o, (22541).

(6) Let u(z;e) denote any one of the functions By, 4;, 45, B;. Then

(@) u(z0) = u(zati) (G=1,2,...), (A7)
(¢) For the Wronskian of the functions B, 4,, 4,, B; we have in Dy that
W (By, Ay, Ay, By) = dm?emmefarip2ed2, (A8)

1 Here the coefficients o and f§ of equation (A 1) are not necessarily the coefficients «, § € A(2m) of Qu = 0 as
chosen in theorem 2.3.
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AprrENDIX B. THE MODIFIED EAGLES FUNGTIONS ¥ AND w
Details of the formal approximation ¥
Eagles (1969) constructed the function
b = ESPr Oy = ¢ (y) +€{vy(0) —ay0 — by o ln o} +€2{v,(0) —ay0% —by02In o}, (B1)

which can also be written in the form

7 = {dD(y) +0,(0) —ag—ays —ays* —byslns—bys%In s}
+elnev, (o) +evy(0) +€2Inevy(o) +ev (o). (B2)
Here the function P0(y) = ¢P(s+y,) = Z a,s"+In snzo b, 5" (B3)
is the leading term in the formal series ¢; as given by (6.3), and satisfies the Rayleigh equation
V(s) {d%¢p/ds®—k2p}—V"(s) ¢ = 0. (B4)
Writing H = w,[w, as before, we have in (B3) that _
by = ayH, by =baH? by = haoH(w! )+ k). (B5)
Furthermore, in (B1) and (B2), we have
0(0) = ay, v,(0) = agHo, vy(0) = agxt? (o) —agd, + (a;—ay By) o,
v3(0) = 3ag 0%, vy(0) = ao(A] - Ag) —ag A, ¥ (0) + 20 X5 (o) (B6)
+ay(4, By — B,) 0+ %(a; —ay B,) Ho?,
where 4, 45, B; and B, are certain constants, and where the functions (o), (o) are those
appearing in the convergent series (6.2) (which defines @,), and satisfying

44)(1) 24,(n)
dxs _io_dd}((rzg =Sm (n=1,2),

dot
” (B7)
with SO = —iH, §®= i{%Hcer;“” — HyfV ——% o— k%}.
The form (B1) of 4 can also be written as
¥ = ¢0(y) +eay Pr(0) +€%ay{Y (0) — 4, P (o)}, (B8)

where
(d/do)! By(0) = O(r*)
(d/do) Y (o) = O(c—17)
Moreover, it can be shown that (o) and Y (o) satisfy
der, . d%P 2H
T G =

4 2 2 2 42
Y . Y H 2A1H+iH(¢rdP1 P1>

dot d do?~ 2 o° 2 do3

} for |o| >0, -fn+d <argo <¥n—4, (j=0,1,2). (B9)

(B 10)

Finally, note from (B2) and (B 3) that another alternative form of % is given by

7= % a,s"+ Ins % by 5™ +0y(0) +elnev, (o) +evy(o) +e2Inevg(o) +e2,(o).  (B11)
n=3 n=3

26 Vol. 280. A.
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Details of the formal approximation @

First, consider the transformation (6.11):

2 = [ yenast,

and introduce the stretching transformation z = e{, whence

¢= e[ et (B12)
It then follows that G(s,e) = o~texp (- etmigh) (B13)
by (6.5). Eagles (1969) constructed the function
s = GEP® (@3]G) = G(5,6) {fols) + 819 (0) — ), (B14)
where %, is a known non-zero complex constant, and where
Fols) = ho(we)tsEV4(s), (B15)
£ (0) = otexp (3etmod) ¥ (o). (B16)

Here y{(o) is the leading term in the convergent series (6.2) (which defines @), satisfies the

equation (
d4y{ 0) dzxto)
il d(;; = 0, (B17)

and has the asymptotic expansion

. 101 gy —sx 35905 o
¥O(0) = hyexp (— 2elm o) {ge}_4_86~i o R e i 4 0o )}
for |o|—>o0, —fn+38 < argo < in—4. (B18)
Finally, note from (B 15) that
Fols) —hg ~ —hyHs for |s| - o. (B19)

Proof of lemma 6.2

(a) Consider the formal approximation #(s,€) in the form (B11), let the function

u(o) = o +£(0)

be as given in lemma 6.1, and construct the modified approximation

+f(<7) <

v(s,€) = ¥(s,€) + In——— 2 bys™ (s =e€0). (B20)

Then clearly v (.,€e) e #'(Dy), and it remains to verify the properties (i) to (v).
(i) Consider the difference v(s,€) —¥(s,€) in the form

v(s,€) —9(s,€) = X byero™{ln (o +f(0)) ~Ino}
n=3
if se 2, (which implies that |o| < K;), and in the form

v(s,€) —0(s,€) = %3 bye”a™In (1 + 0~ (o)) (B21)
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if se Dg\2,. The result (6.12) then follows by virtue of the properties of the function

u(o) = o+f(o).
(ii) The estimate (6.13) follows as in (i) above if we note that (d/ds) = e~1(d/do).
(iii) In this proof we shall write (.)’ for (d/ds) (.), and (.) for (d/do) (.). Then from §6(a),
and the fact that A2 = —ie—3, we have the ‘outer’ and ‘inner’ forms of Z:
4 Lv = vV — 2k%" + k' —i(wg) e 3 [V (s) {v" — k2v}— V" (s) v], (B22)
an

. . m . 1 nr
L = et (¥ —i07) +1He3(v — 30%)) +e‘2{ — 2k% + (w—c, + kz) iov—¢ %))—C,— 031‘}}
. c c

+€e1{0(0*) i+ O(c?) v} + k%, (B23)

"

where the constant H = w,/w,, and where the functions implied by the O-symbols are known
explicitly.
First, suppose that s 2,. Then, by (B11) and (B20),
v(s,€) = § a,€"o™ + % bperaln (o +f (o)) + % b,erarlne
n=3 n=3 n=3
+0y(0) +elne vy (o) +evy(0) +€2 In€ v4(0) +€2,(0),

where the v, (o) are given by (B6). Now compute Zv, with & in the inner form (B23). Using
(B5) and (B7), we find that (6.14) holds for s 2,.
Next, suppose that se Dg\2,. We write

Lv=Lv—0)+FLb
and apply &, in the inner form (B 23), to the right-hand side of (B 21). This yields
|2 -8)| < M|s|™,

and it remains to bound #’# similarly. To this end, we consider @ as given by (B 8). Then, using the
properties (B3) and (B4) of ¢, and the outer form (B 22) of &, we can show by means of a direct

computation that
LY = Hay(25s73— Hs~2) + O(s71). (B24)

Also, if & is considered in the inner form (B23), an explicit calculation yields
. 2 H
PLleay P, +e%ay(¥Y — A, P)} = Haye™3 ( ——+e¢ 35) +0(s™), (B25)
where we have used the properties (B9) and (B10) of P,(¢) and Y (o). Now combine (B24) and
(B 25) to deduce from (B8) that
|Z5| < M|s|™t for seDy\Q,.
(iv) By (6.3) and (6.4) wehave

¢g0)ls=1——?lc = V(l —?/c)’ (d/d.S‘) ¢(50)Is=1—1/c =0.

Now consider # in the form (B8). The result (6.15) then follows from (B9), the bound (6.12) for
#—w, and the estimate

|(d/ds) {B(s,€) —v(s, )} =1y, < M]e]®

26-2
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(which can be deduced from (B21) if we use the property (6.9) of f(o), and recall that |1 —y,|
is bounded away from zero).

(v) Using (B8), (B9) and (B11), we can show that |#(s,e)| < M for se Dg. The result (6.16)
now follows if we bound the difference ¥ —v by (6.12).

(b) First, we note from (B12) that

¢ =) B[ e as] = o4 0t (B26)

Hence, ifin lemma 6.1 we replace o by &, it follows that the o-image of the branch point{ = 2iK
is arbitrarily close to the point o = 2iK,. Now, by (B13) to (B16), we have

(s,¢) = o exp (—§el™Ed) {fo(s) — ho} +exp {el™ (o — L)} 4P (o (B27)
from which we construct the modified approximation
w(s,€) = {o+f(o)} Fexp{—Fet™(E+() B {o(s) — o}
+exp[3el™ {(o+f(0))F — (C+f(0) A (o), (B29)

with the function #(0) = o+ f(0) asinlemma 6.1. Then clearly w(. ,¢) € #°(Dy), and it remains to
verify the properties (i) to (iv).
(i), (ii) First, note from (B 19) that

fols) =ty = O(ea). (B 29)

Then, using also (B26), and the asymptotic property (B 16) of yi(o) in the case s€ Dg\Q2,, we
can show from (B27) and (B28) that the differences ¥ —w and @ —w, as well as their first
derivatives, are bounded as stated in the lemma.

(iii) Suppose that se£2,. Then, using (B26) and (B29), we can show from (B28) that

w(s,e) = x8” () + 0(e),

where the function implied by the O-symbol can be written explicitly. Now compute Zw, with
% in the inner form (B23), and use the fact that y{ (o) satisfies equation (B17). We can then
verify that (6.17) holds for s € £2,.

Next, suppose that s € Dg\Q,, write

Lw =L+ (w—0), (B30)
and consider Z@. By (B27) we can write
(s e) = Fy(s,€) + Fy(0,€),
where Fy(s,€) = hoy(wp)tet exp (— ~2—ei“i§%) V-i(s),
Fy(o,€) = exp {§et™ (o — ()} (0) —hy ot exp (—gelmot)},

and where {is given in terms of s( = ec) by (B 26). A direct (butlengthy) computation now shows
that

. 101, o 101 x11+45%x13 , . 1
PF, = hyexp (— 3 et™ih) (W ietst Tond elme—t,—%
45 1 1
+1—(55xz3xz7xefr%’“)+Ro(s,e), (B31a)
with |Ro(s,€)| < M|G(s,€)]|]e| 3 (B31b)
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and
. 101, , 101x11+13x45 , . ., 13 45 17 2
ZF =/loeXP(*%Ci“lg%)6“4(——-i—6—10'—z— T6xd eima’r—zx-l——éx—i-xa——%)
+R,(0,¢), (B32a)
with |Ry(0,€)| < M|G(s,¢€)]|e]|=3]a|?; (B32d)

here we have considered .Z in the outer form (B22) to obtain (B31), and in the inner form
(B23) to obtain (B32). Then, since & = F,+ F;, we deduce that

‘Qﬁ}[leG(s,e)He[‘%‘s]% for seDy\Q,. (B33)

However, if |s| > |¢|f, we can improve on the estimate (B33) if we observe that

. 101 s 11 11 35905 < 17 1z s 23
Fy(o,€) = hyexp (— getmigh) { T e—imigd st 4 g e~y 4 0(6&4_5‘7)}

by virtue of the asymptotic expansion (B18) of (o), and then apply # in the outer form
(B22) to Fy. This yields

ZF, = —%hoie—is‘% exp (= gel™Ed) £ Ry(s,¢),
with |Zo(s, €)| < M|G (s, €)| |e|-}]s] 7,
which, together with (B31), implies that
|Z%| < M|G(s,e)||e]H|s|-F for seDy\Q2,. (B34)

Since it can be shown from (B27) and (B28) that £ (w—®) is also bounded by the right-hand
sides of (B33) and (B34), the result (6.17) of the lemma now follows from (B30) if we use the
estimate (B 33) for Kyle| < |s| < |e|?, and the estimate (B34) for |s| > |e|i.

(iv) The result (6.18) is a direct consequence of the fact that the function w(s,€) and its deri-
vatives are exponentially small at s = 1 —y,.

ArrEnDIX C. PROOF OF LEMMA 6.1

By virtue of the remark (and its proof) after lemma 6.1, it suffices to prove that the function
q(7) =7—1+42¢"
is bounded away from zero in S. We write 7 = x +iy = rel’ and e~ (7) = u +iv. Thus
u=cosf(x—1+2e*cosy) +sinf(y—2e*siny)
and Oufdr = Re{q'(1)} = 1 —2e~%cosy.
Now consider any ray y = ¢x, 0 < ¢ < 1in S. Along this ray we have that
u=(+1)"F(x—1+2e*coscx) +¢(c®+ 1)~} (cx — 2e~*sin cx) (C1)
and Ou[0r = 1 —2e%coscx. Now suppose that 0u/0r = 0 at x = xy, 4 = u,. Thus
€% = 2cos X, (C2)

from which it is clear that 0u/0r has only one zero on y = ¢x. But #|,_, > 2-% by (C1), and so, if

we can show that
Uy =6y > 0 (C3)

for some d, independent of ¢, it will follow that « is bounded away from zero on the ray y = cx.
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It can be verified from (C2) that 0.5 < x, < 0.7if 0 < ¢ < 1. Also, by (C1) and (C2),
y = (+1)"3{(1+¢2) xy— 2ce~@sincx,} = (2 + 1) F{(1 +c®) x,—c tancx,}. (C4)
Now consider the function h(x) = (1+¢*) x—ctancx (C5)
for 0 < x € 0.7and 0 < ¢ < 1. Clearly %£(0) = 0, and
h'(x) = 1—c*tan?cx > 1 —tan?(0.7) > 0.2.

Hence 4(x,) > & (0.5) > 6, > 0, where d; is independent of ¢, and (C3) follows from (C4) and
(C5).

If —1 < ¢ <0, weset c = —£, and proceed as above to obtain a result similar to (C3). Thus
uis bounded away from zero in S, and it follows that the same is true of ¢(7).
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